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Bloch sphere representation of three-vertex geometric phases
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The properties of the geometric phases between three quantum states are investigated in a high-
dimensional Hilbert space using the Majorana representation of symmetric quantum states. We
found that the geometric phases between the three quantum states in an N-state quantum system
can be represented by N − 1 spherical triangles on the Bloch sphere. The parameter dependence
of the geometric phase was analyzed based on this picture. We found that the geometric phase
exhibits rich nonlinear behavior in a high-dimensional Hilbert space.
PACS numbers: 03.65.Vf, 03.65.Ta, 07.60.Ly
I. INTRODUCTION
The geometric phase was first discovered by Berry for
cyclic and adiabatic evolution in 1984 [1]. Subsequently,
it was generalized to nonadiabatic evolution [2] and ex-
tended to noncyclic and nonunitary evolutions [3]. The
early studies by Pancharatnam [4] on the interference of
polarized light were seminal for the generalization of ge-
ometric phases. Pancharatnam proposed a method for
comparing the phases of two differently polarized light
beams. When two polarized light beams produce maxi-
mum constructive interference, they are regarded as be-
ing in phase. This means that two quantum states |ψ1〉
and |ψ2〉 are in phase when 〈ψ1|ψ2〉 is real and positive [5].
Pancharatnam also pointed out that a geometric phase
manifests itself when three differently polarized states are
successively compared using the in-phase relationship.
The generality of Pancharatnam’s geometric phase is
apparent in its kinematic definition. It is defined with-
out reference to a Hamiltonian or a dynamic evolution.
Mukunda and Simon further developed the kinematic ap-
proach for treating geometric phases [6]. In their studies,
they focus on the Bargmann invariant [7]. For given three
states |ψ1〉, |ψ2〉, and |ψ3〉, the three-vertex Bargmann in-
variant is defined as 〈ψ1|ψ3〉〈ψ3|ψ2〉〈ψ2|ψ1〉. We refer to
the argument of the Bargmann invariant as a three-vertex
geometric phase and define it as follows:
γ(ψ1, ψ2, ψ3) ≡ arg〈ψ1|ψ3〉〈ψ3|ψ2〉〈ψ2|ψ1〉. (1)
The above definition is equivalent to the quantum me-
chanical expression for Pancharatnam’s geometric phase.
The three-vertex geometric phase has been shown to
equal the geometric phase of the geodesic triangle that
has the three states as vertices [3].
As shown in [6], any pure-state geometric phase can be
constructed as a sum of three-vertex geometric phases.
Therefore, the three-vertex geometric phase serves as a
primitive building block for geometric phases. An exper-
iment has been performed to directly observe the three-
vertex geometric phase using a kinematic setup [8].
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Three-vertex geometric phases are also important in
the field of quantum information since they are closely
related to distinguishability of three quantum states [9–
11].
Despite its considerable importance, little is known
about the properties of the three-vertex geometric phase
of high-dimensional Hilbert spaces. In this paper, we pro-
pose a way to represent three-vertex geometric phases for
N -state systems on the Bloch sphere and we then inves-
tigate their characteristic behaviors in high-dimensional
Hilbert spaces. For this purpose, we use the Majorana
representation of symmetric quantum states [12]. Some
theoretical studies have investigated geometric phases in
N -dimensional Hilbert space based on the Majorana rep-
resentation [13, 14].
This paper is organized as follows. In Sec. II, we
demonstrate how the three-vertex geometric phase can be
represented on the Bloch sphere with the Majorana rep-
resentation. In Sec. III, we review a measurement method
for the three-vertex geometric phase in a quantum eraser.
In Sec. IV, we consider a three-state system as an exam-
ple and illustrate how the parameter dependence of the
three-vertex geometric phase can be visualized on the
Bloch sphere. We also show the nonlinear behavior of
the geometric phase in a high-dimensional Hilbert space.
Section V summarizes the findings of this study.
II. BLOCH SPHERE REPRESENTATION OF
THREE-VERTEX GEOMETRIC PHASES
An N -dimensional Hilbert space HN is isomorphic to
a symmetrized (N − 1)-qubit Hilbert space:
HN ≃ S(H2⊗N−1), (2)
where S denotes the projection operator onto the
permutation-symmetric subspace. We can construct an
isomorphism map fromHN to S(H2⊗N−1) by identifying
the ith basis state of HN to the (N − 1)-qubit symmet-
ric Dicke state with i − 1 excitations. For example, for
N = 3, the three basis states |1〉, |2〉, and |3〉 in H3 are
identified with the states |00〉, (|01〉+ |10〉)/√2, and |11〉
in S(H2 ⊗ H2). In the following discussion, we identify
2FIG. 1: Bloch sphere representation of the three-vertex geo-
metric phase of an N-state system. This figure shows N = 4
case. The three-vertex geometric phase of a four-state sys-
tem is represented as the sum of three geometric phases for a
two-state system.
the N -dimensional Hilbert space with the symmetrized
(N − 1)-qubit Hilbert space.
According to Majorana [12], an arbitrary symmetric
state |Ψ〉 can be represented by the symmetrization of
product states:
|Ψ〉 = K · S(|ψ(1)〉 · · · |ψ(N−1)〉), (3)
where |ψ(i)〉 (i = 1 . . .N − 1) are qubit states and K is
a normalization factor. Equation (3) is called the Ma-
jorana representation. We can depict the state as an
unordered set of N − 1 points on the Bloch sphere; these
points are called Majorana points.
To characterize the geometric phase of the N -state sys-
tem, we first consider the following special set of three
states:
|Ψ1〉 = K · S(|ψ(1)1 〉 · · · |ψ(N−1)1 〉), (4)
|Ψ2〉 = |ψ2〉 · · · |ψ2〉, (5)
|Ψ3〉 = |ψ3〉 · · · |ψ3〉. (6)
The first state |Ψ1〉 is an arbitrary symmetric state and
the other two, |Ψ2〉 and |Ψ3〉, are chosen from symmet-
ric product states. The three-vertex geometric phase of
these three states is expressed by:
γ(Ψ1, Ψ2, Ψ3) = arg〈Ψ1|Ψ3〉〈Ψ3|Ψ2〉〈Ψ2|Ψ1〉
=
N−1∑
i=1
arg〈ψ(i)1 |ψ3〉〈ψ3|ψ2〉〈ψ2|ψ(i)1 〉
=
N−1∑
i=1
γ(i), (7)
where γ(i) ≡ γ(ψ(i)1 , ψ2, ψ3). Equation (7) implies that
the geometric phase γ(Ψ1, Ψ2, Ψ3) of an N -state system
can be expressed as the sum of theN−1 geometric phases
γ(i) of a two-state system. For the two-state system,
FIG. 2: Scheme for measuring three-vertex geometric phases
in a quantum eraser. We first prepare an internal state to
be |Ψ1〉 and split the beam into two. The internal state of
the lower beam is then transformed into state |Ψ2〉. Finally,
the two beams are combined and the interference pattern is
observed with or without a projector to the internal state. We
can extract the three-vertex geometric phase from the shift of
the interference fringes.
the three-vertex geometric phase γ(i) is proportional to
the solid angle Ω(i) of the geodesic triangle with three
vertices |ψ(i)1 〉, |ψ2〉, and |ψ3〉; that is, γ(i) = −Ω(i)/2 [4].
Therefore, we can regard the geometric phase of the N -
state system as N − 1 spherical triangles on the Bloch
sphere, as shown in Fig. 1.
The validity of the above geometric description for
γ(Ψ1, Ψ2, Ψ3) depends critically on the particular choice
of the three states. However, an arbitrary set of three
states in the N -state system can always be transformed
into the set of forms shown in Eqs. (4)–(6) by a unitary
transformation. We assume that |Φ1〉, |Φ2〉, and |Φ3〉
are an arbitrary set of three states. There exists a pair
of symmetric product states, |Ψ2〉 and |Ψ3〉, such that
〈Ψ2|Ψ3〉 = 〈Φ2|Φ3〉 since the inner product of a pair of
symmetric product states can attain an arbitrary com-
plex number with a modulus less than or equal to 1.
Then, we can always find a unitary operator Uˆ such that
|Ψ2〉 = Uˆ |Φ2〉, |Ψ3〉 = Uˆ |Φ3〉. Finally, |Ψ1〉 is chosen to
satisfy |Ψ1〉 = Uˆ |Φ1〉.
As geometric phases are invariant under unitary trans-
formations,
γ(Φ1, Φ2, Φ3) = γ(Ψ1, Ψ2, Ψ3). (8)
Therefore, we can represent an arbitrary three-vertex ge-
ometric phase on the Bloch sphere by applying a proper
unitary transformation.
III. GEOMETRIC PHASE IN QUANTUM
ERASERS
In this section, we briefly describe a method for mea-
suring the three-vertex geometric phases in a quantum
3eraser [15, 16].
We consider a particle interferometer with internal de-
grees of freedom, as shown in Fig. 2. Assuming that the
particle has an initial state of |Ψ1〉, the state of the com-
posite system after the first beam splitter can be written
as
|Φi〉〉 = |Ψ1〉|+〉, (9)
where |+〉 = (|0〉+|1〉)/√2 is a superposition of the upper
path state |0〉 and the lower path state |1〉. In the lower
path, the internal state is transformed to a state |Ψ2〉 and
we have the following intermediate state of the composite
system:
|Φm〉〉 = 1√
2
(|Ψ1〉|0〉+ |Ψ2〉|1〉). (10)
We then project the internal state onto |Ψ3〉 and obtain
the final state:
|Φf〉〉 = K|Ψ3〉(〈Ψ3|Ψ1〉|0〉+ 〈Ψ3|Ψ2〉|1〉), (11)
where K = (|〈Ψ3|Ψ1〉|2+ |〈Ψ3|Ψ2〉|2)−1/2 is the normaliza-
tion factor. The final measurement for the path state is
represented by the projector
Pˆ (δ) = 1ˆ⊗ |δ〉〈δ|, (12)
|δ〉 = 1√
2
(|0〉+ eiδ|1〉), (13)
where δ is the phase difference between the upper and
lower paths. The output probability P (δ) is given by
P (δ) = 〈〈Φf |Pˆ (δ)|Φf 〉〉
=
1
2
(1 + V cosϕ), (14)
where
V =
2 |〈Ψ1|Ψ3〉〈Ψ3|Ψ2〉|
|〈Ψ3|Ψ1〉|2 + |〈Ψ3|Ψ2〉|2
, (15)
ϕ = arg〈Ψ1|Ψ3〉〈Ψ3|Ψ2〉 − δ. (16)
We change the parameter δ and thereby measure the in-
terference fringes. We can extract the constructive inter-
ference point δf by setting ϕ = 0 as
δf = arg〈Ψ1|Ψ3〉〈Ψ3|Ψ2〉. (17)
Similarly, we can obtain the constructive interference
point δm for the case without final projection of the in-
ternal state as
δm = arg〈Ψ1|Ψ2〉. (18)
As a result, we can extract the geometric phase γ of the
three states as the difference of δf and δm:
γ = δf − δm = arg〈Ψ1|Ψ3〉〈Ψ3|Ψ2〉〈Ψ2|Ψ1〉. (19)
This method enables us to measure the three-vertex ge-
ometric phase using only state preparation, projection,
and interference.
FIG. 3: Variation of the Majorana points. The parame-
ter θ represents the half angle between the states |ψ2〉 and
|ψ3〉. The parameter φ represents the half angle between the
states |ψ
(1)
1 (α)〉 and |ψ
(2)
1 (α)〉. The two states |ψ
(1)
1 (α)〉 and
|ψ
(2)
1 (α)〉 are rotated on the Bloch sphere in accordance with
the parameter α.
IV. PARAMETER DEPENDENCE OF THE
THREE-VERTEX GEOMETRIC PHASE
To investigate the characteristic behavior of the three-
vertex geometric phase, we consider a three-state system
as an example.
In a three-state system, the Majorana representation
that corresponds to Eqs. (4)–(6) is given by
|Ψ1〉 = K(|ψ(1)1 〉|ψ(2)1 〉+ |ψ(2)1 〉|ψ(1)1 〉), (20)
|Ψ2〉 = |ψ2〉|ψ2〉, (21)
|Ψ3〉 = |ψ3〉|ψ3〉. (22)
The normalization factor is calculated as K = [2(1 +
|〈ψ(1)1 |ψ(2)1 〉|2)]−1/2. We consider the case where each
qubit state is given as follows:
|ψ(1)1 〉 =
1√
2
(e−iφ/2|0〉+ eiφ/2|1〉), (23)
|ψ(2)1 〉 =
1√
2
(eiφ/2|0〉+ e−iφ/2|1〉), (24)
|ψ2〉 = cos(θ/2)|+〉 − sin(θ/2)|−〉, (25)
|ψ3〉 = cos(θ/2)|+〉+ sin(θ/2)|−〉. (26)
where |0〉 and |1〉 are the orthonormal basis states and
|±〉 = (|0〉±|1〉)/√2. The Majorana points for Eqs. (23)–
(26) are depicted in Fig. 3.
We introduce a parameter α for the state |Ψ1〉 by ap-
plying a unitary operator Uˆ(α) to each qubit:
|Ψ1(α)〉 = Uˆ(α)⊗ Uˆ(α)|Ψ1〉, (27)
Uˆ(α) = exp(−iασˆz/2), (28)
4where σˆz = |0〉〈0| − |1〉〈1|. Some calculation leads to
|Ψ1(α)〉 = K(|ψ(1)1 (α)〉|ψ(2)1 (α)〉 + |ψ(2)1 (α)〉|ψ(1)1 (α)〉),
(29)
|ψ(1)1 (α)〉 =
1√
2
(e−i(φ+α)/2|0〉+ ei(φ+α)/2|1〉), (30)
|ψ(2)1 (α)〉 =
1√
2
(ei(φ−α)/2|0〉+ e−i(φ−α)/2|1〉). (31)
As shown in Eq. (7), the three-vertex geometric phase
γ for the three-state system (N = 3) is the sum of the
geometric phases for two qubits:
γ(α) = γ(1)(α) + γ(2)(α). (32)
Assuming −pi/2 < θ < pi/2, the geometric phase of each
qubit can be expressed as
γ(1)(α) = 2 tan−1
(
tan
θ
2
tan
φ+ α
2
)
, (33)
γ(2)(α) = −2 tan−1
(
tan
θ
2
tan
φ− α
2
)
. (34)
Figure 4 shows the variation of the three-vertex geo-
metric phase. The parameter φ is kept constant at pi/4
while the geometric phase γ is varied between 0 and 4pi.
The three-vertex geometric phase varies extremely non-
linearly at points α = 3pi/4 and 5pi/4. This is closely
related to the nonlinear behavior of the three-vertex ge-
ometric phases of two-state systems [15–19]. The nonlin-
earity in the two-state systems is due to the geometry of
the Bloch sphere and it originates from the drastic change
in the geodesic arcs surrounding the spherical triangle.
The Majorana representation implies that we can under-
stand the nonlinear behavior of the geometric phase of
three-state systems in a similar manner to that of two-
state systems. The three-state system has two corre-
sponding spherical triangles. The variation of the three-
vertex geometric phase can be interpreted as the non-
linear behavior of these triangles. When α = 3pi/4 and
5pi/4, the points corresponding to |ψ(1)1 (α)〉 and |ψ(2)1 (α)〉
move around the back side of the Bloch sphere and the
areas of the spherical triangles change rapidly.
While the behavior of the geometric phase in this ex-
ample is related to the geometric phase of two-state sys-
tems, it differs qualitatively from the geometric phase of
two identical qubit states [20, 21], which is simply twice
the geometric phase of a one qubit state. It is possible to
flexibly control the geometric phase of a three-state sys-
tem by considering the arrangement of Majorana points.
These results can be extended to N -state systems in
a straightforward manner. The variation of the three-
vertex geometric phase in an N -state system can be de-
composed into the contributions of the N−1 three-vertex
geometric phases in a two-state system. Although three-
vertex geometric phases of N -state systems have more
complex and interesting behaviors than those of two state
FIG. 4: Variation of three-vertex geometric phase. The angle
φ is kept constant at pi/4. There are two singular points at
α = 3pi/4 and 5pi/4. As the angle θ decreases, the slopes at
these singular points increases.
systems, they can be understood simply as a sum of the
N − 1 three-vertex geometric phases in a two-state sys-
tem.
Finally, we note that a three-state system can be re-
alized by the polarization of two photons in the same
spatiotemporal mode, a biphotonic qutrit [22]. It has
been demonstrated that an arbitrary qutrit state can be
well prepared in a biphotonic system [23]. Therefore, the
nonlinear behavior described in this section can be ob-
served by directly applying the measurement method in
Sec. III to a biphotonic qutrit system, which is similar to
the setup used in [21].
V. SUMMARY
We presented a way to represent three-vertex geomet-
ric phases on the Bloch sphere. Our method is based
on the Majorana representation and the three-vertex ge-
ometric phase is represented as a set of N − 1 spherical
triangles connecting the corresponding Majorana points.
We considered a three-state system as an example and
examined the parameter dependence of the three-vertex
geometric phase. We showed that the three-vertex ge-
ometric phase exhibits interesting nonlinear behavior in
a high-dimensional Hilbert space. The characteristic be-
havior of the three-vertex geometric phase in the N -state
system can be well understood by decomposing it into
the N − 1 three-vertex geometric phases of a two-state
system.
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